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1. INTRODUCTION 

> 

o 
o 

^ . invariant subspaces for multiplication operators on spaces of functions of several variables. 

I Unlike the one-dimensional situation, the several variables case proves to be very hard, 



In the present paper we intend to discuss problems related to the classification of 



and little progress has been made until now. In [4] and [6] the attention was focused on 
^ ■ invariant subspaces that arise as closures of ideals from some dense ring, the main result 
^ ! proved in this direction being the rigidity theorem (see [4]). In order to understand this 
kind of invariant subspaces, one needs first to understand their corresponding ideals. In 



^ ■ particular one needs to classify the ideals that are closed in the relative topology induced 
on the ring by the space of functions. 

In [3] it was conjectured that an ideal of polynomials is closed in the relative topology 
induced by the Hardy space of the unit polydisk if and only if every irreducible component 
of the variety of the ideal intersects the polydisk. In [5] the conjecture was proved in 
dimension 2. The idea of the proof is to relate the conjecture to a topological version 
of the Hilbert Nullstellensatz for the ring of polynomials. In this paper we intend to 
prove similar results for Bergman space topologies. One should note that our methods 
provide new proofs for the one-dimensional well. Some of the techniques come 

from commutative algebra, and our basic source is [1]. 



Let us start by recalling some facts from [5]. Let TZ he a, commutative Noetherian 
ring with unit and let r be a topology on TZ for which the addition is continuous and 
multiplication is separately continuous in each variable. Examples of such rings are the 
ring of polynomials with the topology induced by the Hardy space or by some Bergman 
space, the ring of germs of analytic functions in a neighborhood of the closure of some 
domain satisfying certain properties [7] with the topology induced by the Bergman space, 
etc. 

In [5] it has been shown that the radical of a closed ideal is closed, and that the 
prime ideals associated to a closed ideal are also closed. Define C to be the set of all 
maximal ideals A4 with the property that A^" is closed for all n e N. In our examples C 
will consist of the maximal ideals that correspond to points in the domain on which the 
spaces of functions are defined. The pair {TZ, r) is said to satisfy the topological Hilbert 
Nullstellensatz if every ideal I G TZ is either dense or there exists Ai E C with I (Z Ai. 
The Nullstellensatz is easy to prove in the one-dimensional case, but becomes hard when 
passing to several variables. In what follows we show that it holds for various topologies 
in the two variable case. We will need the following elementary result, whose proof can 
be found in [5]. 

Proposition 1.1. Let p{z) — a{z — zi){z — Z2) • ■ ■ {z — Zm) be a polynomial with the 
property that \zi\ > 1, i = 1, 2, • • • , m. Then for all 1/2 < r < 1 and z with \z\ < 1 we 
have \p{z)/p{rz)\ < 2"*. 

2. THE RING OF POLYNOMIALS 

Let Q e C" be a bounded complete Reinhardt domain (i.e. a domain with the 
property that for all x e Q and l^j < 1, is in Q), and let Ll^iVt) be the Bergman space 
of f2. For a polynomial p e C[zi, Z2^ - ■ ■ ^ Zr\ we denote by d{p) the sum of the degrees of 
p in each variable. 

Lemma 2.1. Let p e C[zi, Z2, ■ ■ ■ , Zn] be a polynomial having no zeros in ft. Then for 
every 1/2 < r < 1 and {zi, 2:2, • • • , Zn) G fl, \p{zi, 2:2, • • • , Zn)/p{rzi, rz2, • • • , rzn)\ < 
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Proof: The proof will be done by induction on the number of variables. By Proposition 
1.1 the property is true for n = 1. 

Fix {zi, Z2, ■ ■ ■ , Zn) e ^- Let D = {w, {w, Z2, ■ ■ ■ , Zn) G Q}. Then D is a disk 
and p{w, Z2,---, Zn) has no zeros in D. Thus \p{zi, -^2, • • • , Zn)/p{rzi, Z2, - ■ ■ , Zn)\ < 2*^% 
where we denote by di the degree of p in the variable Zi. Applying the induction hy- 
pothesis to p{zi, •,•••,•) we get \p{rzi, Z2,---, z„)/p{rzi, rz2, rzn)\ < 2^^+-^", thus 
\p{zi,Z2, - ■ ■ ,Zn)/p{rzi,rz2, - ■ ■ ,rzn)\ < 2'^^P\n 

Proposition 2.2. Let p e C[zi, Z2, - ■ ■ , Zn] be a polynomial having no zeros in Q. Then 
pLl{Q,) is dense in Ll{Q). 

Proof: Let fr{zi, Z2,---, Zn) = p{zi, Z2,---, Zn)/p{rzi, rz2, rzn). Then for 1/2 < 
r < 1, /r e pL^(O). By Lemma 2.1 the family fr is bounded, and since for r — > 1, 
converges uniformly on compact subsets of Q to 1, it follows that it converges in L^^iQ) 
to 1. The conclusion follows by using the fact that the ring of polynomials is dense in 

Corollary 2.3. The topological Hilbert NuUstellensatz holds for principal ideals in the 
ring of polynomials with the topology induced by -^^(fi). 

Proof: If is a maximal ideal that corresponds to a point in VL then is closed 
for all n, thus M. & C. This shows that if the variety of an ideal intersects Q then the 
ideal is contained in some maximal ideal from C. If the variety of a principal ideal does 
not intersect Q, then the ideal is dense and the conclusion follows. □ 

We now exhibit some examples of topologies for which the topological Hilbert NuU- 
stellensatz will hold for the ring of polynomials in two variables. Following [2] we define 

^^p,g:={(^l,^2)eC2 I \Z^\P+\Z2\'' <l}. 

where < p, g < cxo. Note that 0.2,2 is the unit ball in C^. 

Theorem 2.4 The ring C[2;i,2;2] with the topology induced by L^(fip^^) satisfies the 
topological Hilbert NuUstellensatz. 
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Proof: By Proposition 4.1 in [5] C = and the maximal ideals not contained in C are 
dense, thus the NuUstellensatz holds for maximal ideals. The previous corollary shows 
that it also holds for principal ideals. Since the ring C[zi,Z2] has dimension 2, a prime 
ideal is either maximal or principal, hence the NuUstellensatz holds for prime ideals. 

Now let / be an arbitrary ideal. Then I is either contained in an element from C, or 
its variety does not intersect Q. In the latter case all prime ideals associated to / are 
dense. Let Pi, P2, ■ ■ ■ , -Pm be these ideals. By Noetherianess (see Proposition 7.14 in [1]) 
there is a A; such that (P1P2 ■ ■ ■ Pm)'' C /, and since (P1P2 • • • Pm)^ is dense it follows that 
/ is dense. This proves the theorem. □ 

By using Theorem 1.3 in [5] we get the following analogue of the Douglas-Paulsen 
conjecture. 

Corollary 2.5. Let C[zi, z-^ be endowed with the topology induced by L^(Jlp,q). Then 
an ideal is closed if and only if each of the irreducible components of its zero set intersects 

3. THE RING OF ANALYTIC FUNCTIONS IN A NEIGHBORHOOD OF 

THE UNIT BALL 

Let us denote by B^ the open unit ball in C^ and by 0(B2) the ring of germs of 
analytic functions defined in a neighborhood of B^. We want to prove the topological 
Hilbert NuUstellensatz for C(B^) with the topology induced by the Bergman space. For 

/c > 1, denote by the unit sphere in R'^+^ and by D the unit disk in the plane. 

Lemma 3.1. Let / e ^(B^), / not identically equal to zero. Then there exists a 
transformation p : C^ ^ C^ such that / o p(0, e*") 7^ for aU a e [0, 27r). 

Proof: For = (?B^ consider the Hopf fibration 

S^^S^^ (1) 
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where we recall that the projection tt is given by the equivalence relation (a, b) ~ (Aa, Xb) 
for |A| = 1. If we denote by V{f) the zero set of /, then V{f) fl has dimension at 

most one, hence 7r(V^(/) fl S^) has dimension at most one. It follows that there exists 
X e S^\'K{V{f) n S^). Let (a, b) e |ap + |6p = 1 with the property that 7r(a, b) = x. 

Then f[ae^", 6e*") 7^ for all a G [0, 27r). If we choose p = then fop satisfies 

[--a b) 

the desired property. □ 

Proposition 3.2. Let / G 0(B2) be an analytic function having no zeros in B^. Then 
the space /L^(B^) is dense in L^(B^). 

Proof: By Lemma 3.1 we may assume that if {wi,W2) G B^ and Wi — then 
f{wi, W2) 7^ 0. Let us show that there exists C > such that for every 1/2 < r < 1 and 

(^1,^2) eB2, \f{zi,Z2)lf{rZi,Z2)\ <C. 

Fix (^1,^2) G B^, and assume that Wi 7^ 0. Note that f{z,W2) is not identically 
zero as a function of zi, otherwise (0, W2) would be a zero for / lying inside of B^. Thus 
there exists a > such that Wi G oD and f{-,W2) is defined in a neighborhood of oD 
and has no zeros on aS^ — {z \ \z\ — a}. It follows that f{-,W2) has a finite number of 
zeros in aD, say m, counting multiplicities. By Rouche's Theorem there is a compact 
neighborhood K of W2 such that aD x is contained in the domain of /, and for every 
Z2 G K, /(•, Z2) has exactly m zeros in aD, counting multiplicities, and no zero on aS^. 

Thus on aD x X we can write f{zi,Z2) — Pz2{^i)9z2{^i) where for each 2^2, Pz2{^i) 
is a polynomial of degree m and gziizi) is an analytic function having no zeros in aD. 
Another application of Rouche's Theorem and the maximum modulus principle shows 
that depends continuously on Z2. 

It follows that for 1/2 < r < 1 the family {gz2{i^^i)}r is bounded away from zero, 
hence 

Ci = supi/2<r<isup^^j^\gz^{zi)/gz^{rzi)\ < 00. (2) 
By Proposition 1.1, for 1/2 < r < 1 and {zi, Z2) eoD x K 

\Pz2{zi)/pz2{rz,)\<2"^. (3) 
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Thus there exists a neighborhood U of (^1,^2) and a constant C2 > such that for 
1/2 < r < 1 and (^1,^2) e U nW 

\f(z,,Z2)/f{rz,,Z2)\<C2. (4) 

li wi — then f{zi,Z2) 7^ in a neighborhood of {wi,W2), thus a similar inequahty 
holds there. Prom the compactness of it follows that there exists a constant C > 

such that for 1/2 < r < 1 and (-21,-22) € B^, \f{zi,Z2)/f{rzi,Z2)\ < C. 

As in the proof of Proposition 2.2, the family hr{zi,Z2) = f{zi,Z2)/f{rzi,Z2) is in 
/L^(B^) and tends to 1 as r — > 1, so the conclusion follows. □ 

Theorem 3.3. The ring 0(3^) with the topology induced by L^(B^) satisfies the 
topological Hilbert NuUstellensatz. 

Proof: The ring 0(B^) is Noetherian [7], and has dimension 2. Indeed, if there existed 
distinct prime ideals Pq C Pi C P2 C P3, by localizing at a maximal ideal M. D P3 
wc would get a chain of four distinct prime ideals in the local ring which would 

contradict the fact that the latter ring has dimension 2. So the proof of Theorem 2.4 
applies mutatis mutandis to give the desired conclusion. □ 

Corollary 3.4. Let (9(B^) be endowed with the topology induced by the Bergman 
space. Then an ideal is closed if and only if each irreducible component of its zero set 
intersects the unit ball. 
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